Hypothesis Testing - First Examples

M&Ms Example

We take a sample of 20 M&M’s and want to use this sample to learn about the proportion of M&M'’s that are blue.

Let the random variable X denote the number of M&M’s in our sample that are blue. We observe x = 7.
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Questions we might ask:

1. What is our best estimate of the proportion of M&M’s that are blue based on the observed data x?
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2. What is a range of plausible values for the proportion of M&M’s that are blue based on the observed data x?
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e Has it changed since then?

3. As of 2008, the proportion of M&M'’s that were blue was 0.2. 1 \'\ >\ . éﬁ ég
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e I heard a rumor that it is now 0.25. Is it true?
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Part 1: Simple Vs. Composite Hypotheses
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Definitions and set up

Parameter space:
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o Example 1: Has the proportion of M&M’s that are blue changed since 2008, when it was 0.27
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e Example 2: Has the proportion of M&M’s that are blue changed since 2008, from 0.2 to 0.257

(‘10‘1 G) € {OD\Z

v O, E@ﬂq’\ SIS 5\(7?&/

I, ©¢10.25]
QQA



Example 1: Simple vs Complex Hypotheses

#4###Summary of previous set up:

e Sample size n = 20, observed & = 7 blue M&Ms
o Our model is X ~ Binomial(20, §)
e Our hypotheses are: Hy: 0 =0.2and Hy : 0 # 0.2
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Test Statistic:
o General idea: (&Y\&@W\ L ar O,b\,&/ \L@M '%"\/\o(&' Con &36
%fae/A & vweoset. \hous C@(\S@a\»{ W doser ae coidh dle ned|

dao&\—fss We would (jle ¥ C(sS}ﬂ\le‘ow of ¥

A %ﬁ(\* O&ggf\é % o pﬂgﬂzﬁ Yo o Ha & coerect
o Test statistic in our example (and its value based on observed data):
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Distribution of the test statistic if H is true:
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Distribution of W, if HO is correct
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## 0 1 2 3 4 5 6 7 8 9 10
## probability 0.012 0.058 0.137 0.205 0.218 0.175 0.109 0.055 0.022 0.007 0.002
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pbinom(q = 7, size = 20, prob = 0.2, lower.tail = FALSE)

## [1] 0.101318 L/\j PCQ) = 7| @:6\2.)
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Sample size n = 541, observed z = 138 blue M&Ms

o If Hy is true, then X ~ Binomial(541,0.2)

e The p-value is P(X at least as extreme as 138) given that X ~ Binomial(541,0.2)
— B(X) =541 %0.2 = 108.2
— 138 —108.2 = 29.8

— 108.2 —29.8 =784
— P(X at least as extreme as 138) = P(X < 78 or X > 138)

Included
in p—value
calculation?

. No
. Yes



Example 2: Simple Hypotheses

Summary of previous set up:

e Sample size n = 20, observed & = 7 blue M&Ms
o Our model is X ~ Binomial(20, 9)

e I heard a rumor that the proportion of M&Ms that are blue was changed to 25. Is it true??
e Our hypotheses are: Hy: 0 =0.2 and Hy : 6 = 0.25

Test statistic

o Test statistic in our example (and its value based on observed data):
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Distribution of the test statistic if Hj is true:

W ~ Binemial (30, 0.3-)

Distribution of W, if HO is correct
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pbinom(q = 7, size = 20, prob = 0.2, lower.tail = FALSE)
S

## [1] 0.03214266
Full distribution
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Another choice for the test statistic

o We can use the statistic W = g(X) = % (the likelihood ratio)

The Likelihood Function
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w_obs <- dbinom(x = 7, size = 20, prob = 0.2)/dbinom(x = 7, size = 20, prob = 0.25)
w_obs
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1. Is a small likelihood ratio or a large likelihood ratio stronger evidence against the null hypothesis?
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2. What should count as “at least as extreme” for the purpose of calculating a p-value based on the
likelihood ratio, W?
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o If Hy is true, then X ~ Binomial(20,0.2)
o The p-value is P(W < w) given that X ~ Binomial(20,0.2)

# Manual calculation of the probability distridbution of W
x <- seq(from = 0, to = 20)
W_X_distn <- data.frame(
X = X,
probability = dbinom(x, size = 20, prob = 0.2),
w = dbinom(x, size = 20, prob = 0.2) / dbinom(x, size = 20, prob = 0.25)
)

W_X_distn i (@:@‘l ’ x< D> P(X:O | © < ©~2_>
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## 1 0 1.152922e-02"3.6355864 :)_ (é-, 3.25] X :OB ﬂ:)(XrG | ©: &2%)
## 2 1 5.764608e-0277.

## 3 2 1.369094e-01 2.04501736
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## 15 14 1.664729e-06 0.06477869

## 16 15 1.664729e-07 0.04858402

## 17 16 1.300570e-08 0.03643801 %/
## 18 17 7.650410e-10 0.02732851 o

## 19 18 3.187671e-11 0.02049638 &
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# Find the p-value v K 50‘ 50
sum(W_X_distn$probability[W_X_distn$w <= w_obs]) 500}}6‘\ X

## [1] 0.08669251 / \Oé\gﬁ“

o Note: in this example, using X or W = g(X) = % is equivalent

— A larger value of X is less consistent with H
— A smaller value of W is less consistent with Hy

# Find the p-value, <f we had used X for our statistic
sum(W_X_distn$probability [W_X_distn$x >= 7])

## [1] 0.08669251
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