Example Conceptual Problems

There are a huge variety of possible conceptual problems. Here are a few examples.

Problem 1. A 90% confidence interval for the average number of children per household based on a simple
random sample is found to be (0.7, 2.1). Because the average number of children per household, p, is some
fixed number in the population (at least, at a particular moment in time when we conduct the studyy), it
doesn’t make any sense to claim that P(0.7 < u < 2.1} = 0.90. What do we mean, then, by saying that this
is a “90% confidence interval®? Can we ever make probability statements about confidence intervals?
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Problem 2. What is a posterior distribution in a Bayesian analysis? If I know the posterior distribution
for a model parameter, how can a 95% posterior credible interval be formed? (You should answer the

first question with a written sentence. For the second question, you could write a sentence and/or draw
a picture to illustrate.)
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Problem 3. What is the mean squared error of an estimator (you can answer with either a formula or a

written sentence explaining the intuition)? Why is an estimator with low mean squared error preferred
to an estimator with hxgh mean squared error?
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Example Worked Problems

The midterm will have problems roughly similar in content to the examples below.

Problem 1

The EPA conducts occasional reviews of its standards for airborne asbestos. During a review, the EPA examines data from
several studies (denote the number of studies by s). Different studies keep track of different groups of people; different
groups have different exposures to asbestos. Let n; be the number of people in the i'th study, let z; be the asbestos
exposure for people in that study, and let y; be the number of people who developed lung cancer in that study. The EPA’s
model is ¥; ~ Poisson(A;), where A; = n;z;\ and where A is the typical rate at which asbestos causes cancer. The n;’s and
T;'s are known constants; the ¥;'s are random variables. Because the different studies involve different sets of people in
different locations, they model the ¥;’s from different studies as being independent {but not identically distributed since
the A;’s are different!). The EPA wants to estimate X.

In answering the questions below, you may use the following facts about the Poisson and Gamma distributions:
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Suppose X ~ Gamma(g, )
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(a) Find the pdf of the joint distribution of Y;,..., Y|z, ny,...,Zs, n4, A
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(b) Find the maximum likelihood estimator of ).
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(c) Is the maximum likelihood estl.gpator an unb:ased estmator of AT
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{d) Find the variance of the hkehhood estimator.
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(e) Find the mean squared error of the maxmum likelihood estimator.
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(f) Suppose the EPA uses this model to estimate A by combining data from s = 3 studies with data
recorded in the table below. Find an expression for the maximum likelihood estimate of A. Your answer
should involve only numbers, no symbols; but you do not need to simplify your expression.

Study Number (i) Sample Size (n;) Exposure Level (z;} Cancer Case Count (y;)

1 10 0.3 1
2 25 0.2 3
3 100 0.5 15
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(g) Suppose the analysts adopt a prior of A ~ Gamma(a, ), where a and 8 are known constants they
choose to reflect their prior knowledge about A. Find the posterior distribution for A. You should arrive
at a specific form for the posterior distribution, with parameters involving a, 8, x1,...,2,, and n,,...,n,. A
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(h) Again, the EPA uses this model to estimate A by combining data from three studies with data
recorded in the table below. They use a prior of A ~ Gamma(l,3). Find expressions for the parameters of
the posterior distribution for A. Your answer should involve only numbers, no symbols; but you do not
need to simplify your expression.

Study Number (i) Sample Size (n;) Exposure Level (z;) Cancer Case Count (y;)

1 10 0.3 1
2 25 0.2 3
3 100 0.5 15

The :Qrs% F:\m»’wa%f-(‘ oFthe fuszbn“of\is
o = |+ 13415
T"’k’f, Secend dﬁmr@:f‘ p"l')'xa fosﬁjﬂm \S

[z,”“‘ 34 10-0.3 + 2560+ 10005



Froblem 2. From independent surveys of two populations, 90% confidence intervals for the population
means g, and p; will be constructed. Denote the first interval, which is an estimate of y,, by {L,,U,] and
the second interval, which is an estimate of yz, by [Lz,U;]. We have not taken our sample yet, so L,
th, Lz, and U, are randomn variables. What is the probability that both of these confidence intervals will
contain their respective population means?
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Problem 3. Two suveys were independently conducted to estimate a population mean p. Denote the
estimators from the independent surveys and their variances by f;, with variance o > 0 and {3, with

variance 03 > 0. Assume that both fi, and fi; are unbiased. For some constants a and g, the two
estimators can be combined to give a new estimator Y = aji; + Sjis.

(a) Find a condition on a and j so that the combined estimator ¥ is unbiased.
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(b) What choice of a and § minimizes the variance of Y, subject to the condition of unbiasedness?
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